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ABSTRACT
Relevance. The quality of river water is the most important factor in ensuring 

environmental safety and rational use of natural resources. Diffuse runoff of 
pollutants into watercourses is the most dangerous because it is uncontrolled and 
unregulated. The impossibility of direct estimation of the pollutants flow rate during 
diffuse pollution requires fundamental research and the development of adequate 
mathematical models based on methods for solving inverse problems. The presented 
work proposes a method for calculating the total mass flow rate of conservative 
pollutants entering a watercourse from a catchment area. Methods. Based on the 
integral representation of the stationary one-dimensional equation of pollutant 
transport, a method for calculating the spatial distribution of the total mass flow 
rate of conservative pollutants in a catchment area is proposed. To determine the 
unknown distribution parameters, the global nonlinear optimization method 
and the Monte Carlo method were used. Results. The use of the nonlinear global 
optimization method allowed us to determine both the value of the total mass flow 
rate of the pollutant in the study area and the value of the Peclet number included 
in the advection-diffusion equation. Using the Monte Carlo method, the stability of 
the obtained results with respect to random deviations in concentration values is 
demonstrated when a thousand possible deviations are realized in a given interval.
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INTRODUCTION
Chemical pollution of watercourses is now assuming enormous proportions 

worldwide. In case of surface water pollution, of the greatest danger is the diffuse 
runoff (or non-point runoff) of pollutants flowing to riverbeds from urbanized 
areas, unequipped landfills, agricultural fields and livestock farms located within 
the catchment area [1]. Unlike point sources, the diffuse runoff is not controlled 
or regulated, its negative impact on water quality being more significant for small 
rivers than for large ones.

The quality of river water is characterized by the presence of dissolved 
substances in it, determined by analyzing samples taken in the watercourse 
section under study. However, this indicator does not provide any information 
on the localization and spatial distribution of pollution sources, as well as 
characteristics of the mass flow of the pollutant [2, 3]. One of the ways to solve 
this problem is mathematical modeling of the catchment area [1]. Relevant 
methods, considered in the study [4], make it possible to calculate the quantity 
of pollutants in certain areas and simulate the runoff on the basis of digital 
relief models and soil maps. However, this approach requires an extremely large 
amount of detailed information on the characteristics of catchment areas and 
represents a kind of “effective” runoff model, which is realized with a certain 
probability and is not universal. An alternative method is to calculate the 
diffuse runoff of pollutants directly on the basis of the measured distribution of 
pollutant concentration in the riverbed, i.e. to solve the inverse problem for the 
advection-diffusion equation. In this case, no information on the characteristics 
of the catchment area is required. As a result, for practical needs, it is necessary 
to develop a simple method of determining the runoff of pollutants, which does 
not require a large amount of empirical data and is easily implemented with a 
relatively small number of chemical sample analysis results.

The existing inverse problem-solving methods used to determine the flow 
rate of conservative pollutants are based on the advection-diffusion equation, 
test functions of the spatial distribution of the specific mass flow rate of 
a pollutant being pre-set. When solving the inverse problem, the original 
functions are reconstructed with subsequent verification of results [5–13]. 
However, identifying the source of pollution on the basis of a finite number 
of measured concentrations of pollutants is an ill-posed problem, even if 
its spatial distribution is assumed to be known. In the cited works [5–13], 
the aim of the study is to reconstruct distribution of the specific mass flow 
rate of a pollutant, i.e. the amount of a pollutant flowing to the watercourse 
per unit time, per unit length of riverbed  (linear density of the pollution 
source). There are no restrictions on this dependence, and the researcher has 
no a priori information about the behavior of this function. The distribution 
of the specific mass flow rate is reproduced only based on the pollutant 
concentration distribution data.
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It should be noted that along with the specific mass flow rate, an important 
feature of diffuse pollution is the total mass flow rate, showing the total amount of 
a pollutant getting into the watercourse per unit of time in the area under study. 
This value is an integral flow characteristic and, in fact, determines the final goal 
of solving the inverse problem. Unlike the specific mass flow rate of pollutant, 
the total mass flow rate increases monotonically in the riverbed section which 
makes the problem of determining it more predictable and narrows the class of 
functions under study. It should be noted that no works devoted to the direct 
comparison of data of real field measurements measurements and the ones on 
the diffuse runoff calculation have been found in the literature available.

This is due to the fact that in order to solve the inverse problem correctly, a 
large number of field measurements measurements of the pollutant concentration 
in the watercourse section under study (hundreds of calculation points) are 
necessary. Actually, this number is insignificant and amounts (at best) to 
dozens of calculation points. The purpose of this study is to develop a method 
for reconstruction of the distribution of the total mass flow of conservative 
pollutants based on the available data on the distribution of their concentration.

SOLUTION METHODS

Problem Statement
When analyzing the processes of diffuse pollution of small lowland rivers, 

one can assume that during the low-water season, flow  velocities and discharges 
along the riverbed change insignificantly. Then the stationary advection-diffusion 
equation can be given in the dimensionless form:

 = (z).                                                  (1)

The following dimensionless values are given below: 

z = x / L, θ = (c – cA)/cA, α = VL / E, (z) = Lφ(z) / QcA,                (2)

where x  is  the coordinate; 
L – length of the watercourse section under study; 
c – pollutant concentration at point x; 
cA  – pollutant concentration in the upper section;
V – flow velocity; 
E – longitudinal dispersion coefficient; 
Q –  water discharge;
φ – specific mass flow rate of a pollutant. 
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In addition, it is important to consider the total mass flow rate of the pollutant 
at the point z: 

~(z) =  (z)dz.                                                   (3)

It should be noted that this dependence is monotonically increasing, as  by 
definition. Next, it is important to analyze the hydrological aspect of the problem 
and substantiate problem statement (1). In order to describe runoff processes 
of a pollutant adequately, it is important to know its basic component (base 
runoff) unrelated to precipitation, floods, snowmelt processes, etc. (the reasons 
for this flow runoff are listed in the introduction). As a rule, this component is 
determined by transporting pollutants through soil filtration and groundwater 
[14]. To estimate it, we should analyze steady-state flows, i.e. to solve the stationary 
problem (1).

According to the results of numerous studies (in particular [15-22]), analyses 
of water samples (taken during the low-water season) show the presence of 
areas of accelerated growth in the solute concentration, which is associated 
with its continuous runoff from the catchment area.  For example, in study [16], 
concentration of dissolved arsenic is increasing by 3.5 times in an area of about 
80 km in the Buerhatong River basin (China); copper concentration in the Erren 
River (China) shows a fivefold growth in a 10 km long area [17]. According to the 
results of [15], concentration of manganese in the Barnaulka River (Russia) is 
monotonously increasing by three times over a section of 4.5 km. Such areas are 
potentially dangerous and require a detailed theoretical and practical study as 
sources of increased anthropogenic load.

Exact Solution
Direct problem. The purpose of solving the direct problem (1) is to determine  

the distribution of pollutant concentration in a watercourse using the known 
given function (z). If we consider the problem as a semi-empirical one, then 
the Dirichlet conditions should be accepted as boundary ones, assuming that 
concentration in the lower section is known from field measurements: 

θ (0) = 0, θ (1) = θ1.                                                        (4)

For further analysis, the following test functions were introduced:

(z) = 0,2 + 0,3z – 0,25z2,                                                (5)

(z) = 0,2ez + 0,2z4,                                                   (6)

(z) = 0,2 + 0,2e  + 0,45e .                               (7)
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The test functions were selected based on the following considerations. Dis-
tribution (5) is close to uniform and defines a section of uniform distribution 
of specific mass flow rate of pollutant. This may correspond to runoff from a 
hydrochemically homogeneous section of the catchment. Distribution (6) char-
acterizes a section of increasing anthropogenic load. Distribution (7) defines a 
section that is non-homogeneous in terms of hydrochemical conditions. Thus, 
distributions (5) – (7) correspond to the most typical situations associated with 
the entry of pollutants from the studied areas of watersheds [1, 22].

Fig. 1а shows dependences (5) – (7). The corresponding dependences for the 
total mass flow rate (3) are shown in Fig. 1b. The integration step is Δz= 0.02. 
The relevant number of points is 50 (hereinafter, the numbering of dependences 
is according to Fig. 1). It should be noted that this number of points reflects the 
possibilities of a real field experiment. The direct problem (1) is considered for 
the parameter values ​​α = 10, θ1= 1.5. The results of solving the  direct problem 
are presented in Fig. 1c.

To analyze the inverse problem, one should solve  equation (1) with boundary 
conditions (4), which is expressed via unknown dependence ~(z). This solution 
looks like this:

θ(z,α) =   (θ1+ αeα  ~(ξ)e-αξ dξ) – αeαz  ~(ξ)e-αξ dξ.               (8)

If we represent the unknown function as a polynomial:

~(ξ) =  an ξ  n.                                                      (9)

Then, solution (8) may be represented as an expansion over a set of functions 
Hn(z, α):

θ(z) = H0(z, α) +  an Hn(z, α),                                  (10)

where:

H0 = θ1 ,

H1(z, α) = z – ,

H2(z, α) = [z2 +  z – (1 + )  ],                                 (11)

H3(z, α) = [z3 +  +  – (1 +  + ) ].

......
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Fig. 1. Distribution of characteristic values along the riverbed: a – distributions  
of specific mass flow rate for functions (5) – (7): 1 – function (5), 2 – function (6),  

3 – function  (7); b – corresponding distributions for total flow rate (3);  
c – distribution of pollutant concentrations as a result of solving primal problem (1).

Here H0 (z, α) is the solution of homogeneous equation (1). The set of functions 
(11) has common properties: 

Hn(0, α) = Hn(1, α) = 0; Hn(z, α) ≥ 0; Hn(z, α) ≤ Mn(α),                    (12)
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where Mn > 0  is the upper limit of the range of values of functions Hn.

Representation (9) was chosen for reasons of the possibility of obtaining ana-
lytical dependencies, which determines the clarity and simplicity of the consid-
ered expansions (11). In addition, such a polynomial simplifies significantly prac-
tical application of the above method. 

As follows from (11), the function under study is characterized by a strong 
dependence on the Peclet number, which, in turn, depends on the longitudinal 
dispersion coefficient. Consequently, using any inaccurate value of the longitudi-
nal dispersion coefficient (found from indirect, a priori considerations or calcu-
lations [24–29]) can lead to incorrect results of solving the inverse problem when 
analyzing the data on a real full-scale experiment. The latter once again empha-
sizes the need to determine the Peclet number directly from the available data 
(field measurements). When solving inverse problems of this class (e.g., [5–13]), 
the Peclet number is considered to be given.

Inverse problem. The purpose of solving the inverse problem is to determine 
the unknown parameter α and coefficients an of the polynomial (9) for calculat-
ing dependence ~(z). It should be noted here that existence, uniqueness, and sta-
bility of solving the inverse problem for the stationary equation (1) are proven in 
[31]. Model parameters an (n = 1, 2, ... , m), included in (10) are determined from 
the condition of minimizing the functional:

S =  (θ (zi, ω) – θi )
2    min,                                     (13)

where θ(zi, ω) – is the calculated value of concentration based on formula (10); 
θi – is the known (measured) value of concentration 
ω – is the vector of parameters (α, a1 … am), minimizing functional S.

Summing up in (13) is carried out on the number of calculated points, 
the latter being equal to k. The unknown parameters of model (10), (11) were 
determined using the global optimization method [32–34]. For these purposes, 
the MatLab software package (MathWorks Inc.) with the Global Optimization 
Toolbox extension [34] was used. The global minimum was selected from the 
local minima achieved on a set of 100 random starting points generated by the 
MultiStart function [34]. The Levenberg-Marquardt nonlinear optimization 
algorithm without constraints [35] was used to determine the local minima. 
Figure 2 illustrates the method used for function 1 (Fig. 1a). 

Figure 2 shows the results of using the above method for function 1 (fig. 1a). 
The figure shows the isolines of the surface section S(α, ~(1)), where: ~ (1) is the 
sum of the coefficients an (14) for m = 1.

Fig. 3 shows the distributions of pollutant mass flow rate ~(z) reconstructed 
by this method for different degrees m of polynomial (9).

As shown in Fig. 3, with the degree of the polynomial increasing, convergence 
of reconstructed functions to the dependence determined by the exact solution 
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Table 1. Exact solution. Inverse problem parameters

Functions Function 1
Polynomial Degree 

Function 2
Polynomial Degree 

Function 3
Polynomial Degree 

Coefficients 1 2 3 1 2 3 4 1 3 6

α 9,88 10,17 10,00 8,75 9,62 9,87 9,97 8,7 10,64 10,12

а1 0,26 0,23 0,20 0,28 0,17 0,21 0,20 0,41 0,15 0,14

а2 0,06 0,15 0,17 0,05 0,12 0,46 0,6

а3 -0,08 0,11 -0,03 -0,103 -0,48

а4 0,09 0,17

а5 0,47

а6 -0,44

  ~(1) estimated 0,26 0,28 0,27 0,28 0,34 0,37 0,38 0,41 0,51 0,46

 ~(1) exact 0,267 0,384 0,456

~  (1
)

α
Fig. 2. Isolines (contours) of  functional (13) in the space α, ~(1), where ~(1) is the sum of 

coefficients an(9) for function 1 at m = 1. The point indicates the global minimum.

is observed. Table 1 gives the values of the required parameters for the test 
functions used. According to the data in Table 1, the main parameters of the 
problem under study – α, ~(1) (1) converge to the exact value with the degree of 
the polynomial increasing. Thus, it can be stated that the representation (9) is 
applicable to solving the inverse problem and gives quite correct results.
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Fig. 3. Distributions of pollutant flow rate reconstructed with the optimization method  
at various degrees of the polynomial m (9): a – function 1: 1–m =1, 2–m =2, 3–m =3,  

4 – exact solution (Fig. 1b); b – function 2: 1–m =1, 2–m= 2, 3–m= 3,  
4 – exact solution; с – function 3: 1–m=1, 2–m=2, 3–m=3, 4 – exact solution.
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However, when solving the inverse problem, the main difficulties are due to 
random deviations from the values simulating real measurements. As a rule, 
randomization is performed with the use of the normal law of distribution, the 
variance of the distribution determining the magnitude of the deviation [10]. 
Here, one should remember that using a single generated realization of random 
values of the variable under study may lead to incorrect values of the parameters 
to be determined.

In this study, a more general approach based on the Monte Carlo method is 
proposed.

Randomization. Monte Carlo Method
Randomization was carried out as follows. For each point θi (zi) of the 

exact solution for the concentration distribution (Fig. 1c) in the interval  
Δθi = ±δ, a concentration value was set with the help of a random number 
generator. The application of the Monte Carlo method was based on examin-
ing N different realizations of the random spread of points in the given inter-
val and calculating the average values of the corresponding parameters α, αn 
[35]. When solving the problem, it was found that polynomials higher than 
a cubic give unstable and physically unrealizable values of required param-
eters. It is known that in the case of expansion like (10), during randomiza-
tion, there are an optimal number of terms above which the representation 
of the function becomes incorrect [36]. The latter is due to the fact that the 
reconstructed dependence begins to reproduce random deviations and the 
calculation results cease to be stable.

Distributions of the total mass flow rate of the pollutant for δ = 0.05, N = 1 
000 are presented in Fig. 4 a-c. Table 2 shows the values of the required param-
eters for non-randomized and randomized concentration distributions. 

Table 2. Parameters of the inverse problem for non-randomized (δ = 0), and 
randomized δ = 0,05 distributions  at N = 1 000

Calculation
Function 1 Function 2 Function 3

α ~(1) α ~(1) α ~(1)

Exact value 10 0,267 10 0,384 10 0,456

δ = 0 10,0001 0,267 9,868 0,370 10,642 0,513

δ = 0,05 10,108 0,250 10,009 0,340 10,720 0,495
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Fig. 4. Distributions of total flow rate for the third degree of polynomials (a–c):  
1 – exact solution, 2 – cubic at δ = 0, 3 – cubic at δ = 0,05, N = 1 000 (numbers are given  

in the figures). Final calculation results for function 3 (d): 1 – exact calculation  
for concentration distribution, 2 – reconstructed concentration distribution adjusted  

for randomization, 3 – exact calculation for total mass flow rate distribution,  
4 – reconstructed distribution of total mass flow rate adjusted for randomization.
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As follows from the data in Table 2, deviations of the parameters calculated 
on randomized values from their exact values do not exceed 8 % for function 3. 
For functions 1 and 2, deviations are about 1 %, and deviations for parameter  ~(1) are about 4 %.  Deviations from non-randomized values (δ = 0) do not ex-
ceed 2 %. Thus, the obtained results can be considered stable with respect to 
randomization in the specified interval. Fig. 4d presents the calculation results 
for function 3 adjusted to randomization. The analysis of the obtained distribu-
tions allows us to conclude that the deviations of the calculated values from the 
exact values are quite insignificant. 

It should be kept in mind that value θ1 was chosen arbitrarily, so it is neces-
sary to check whether this value affects the parameters of the inverse problem. 
In addition, one should check whether the method used is applicable to any 
values of parameter α. Fig. 5 shows the distributions of the total mass flow rate 
of the pollutant for different values of parameter θ1 =1.5. Tables 3a and 3b give 
relevant parameter values.

Table 3а. Values of calculated parameters for function 3  
at θ1 = 1,5,  δ = 0,05 (exact value: ~(1) = 0,456)

α еxact values α сalculated Values ~(1)

10 10,788 0,495

20 20,866 0,4801

50 51,724 0,471

Table 3b.  Values of calculated parameters at various values of  θ1  at  α = 20, δ = 0,05

θ1  еxact values α сalculated values ~(1)

1,5 20,866 0,486

1,2 21,210 0,4856

1 21,679 0,485

0,8 22,769 0,485
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As follows from the obtained results, changing parameter α does not lead to 
a noticeable change in dependence ~(z), also the above method quite correctly 
determines the values of  parameter α.

Field measurements
To apply the proposed method to the results of field measurements mea-

surements, the data of [22] were used. In this work, the distribution of pollutant 
concentration in the catchment area of the Hawkesbury-Nepean River (Eastern 
Australia) was investigated. It is an urbanized area, which leads to the discharge 
of significant amounts of pollutants from large territories.  As can be seen from 
the measurement results, river water contains significant amounts of heavy met-
als. Runoff from agricultural lands also contributes significantly to river water 
pollution. 

Fig. 6 shows values of measured dissolved cobalt (Co) concentrations in the 80 
km long river section and calculation results. Co concentration at the upper sec-
tion corresponds to the value of 0.16 mg/L. The dependence is characterized by 
an accelerated monotonic growth of Co concentration, which indicates the pres-
ence of a continuously operating source of pollution. Optimization of functional 
S (13) determines the global minimum for the polynomial of the first degree, 
achieved at the parameter values: α = 7.3, α1 = 0.228 (Fig. 6b). 

The obtained calculation results can be considered as estimates of parameters 
to be determined. However, a number of questions arise, primarily related to the 
number of measurements. Namely: how can the number of measurements affect 
the accuracy of calculation according to the proposed methodology? How many 
measurements are necessary to obtain correct results? The above questions 
require additional research.

Fig. 5. Distributions of total mass flow rate for various values of parameter α at θ1 = 1,5  
for function 3 under randomization: 1–α=10; 2–α=20; 3–α=50; 4 – exact solution.

z
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RESULTS AND DISCUSSION
The vast majority of studies considering the solution of inverse problems for 

the advection-diffusion equation are devoted to reconstructing the distribution 
of the specific mass flow rate of pollutants entering a watercourse from various 
sources. Mathematically, the problem is solved for a given value of the Peclet 
number based on a quasi-experiment, where a given distribution of the specific 
mass flow rate of a pollutant is reconstructed. However, there are some problems 
arising from the instability of the obtained solutions, which are leveled with the 
known regularization methods [15]. However, many questions arise here as well. 
Indeed, as follows from Fig. 1, the peculiarities of behavior of test functions for the 
specific mass flow rate are poorly reflected in the corresponding concentration 

a

b
z

α

~  (1
)

θ,
 

Fig. 6. Distribution of Cobalt concentration for data obtained as a result  
of a field experiment [22]: а) – 1 concentration distribution reconstructed with  

the global optimization method, 2 – distribution of the total mass flow rate;  
b) – corresponding contours of  functional S(13) in the space α, ~(1) at m = 1.  

The point indicates the global minimum.
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distribution obtained when solving the direct problem. A large number of points 
are needed to simulate these features in the test experiment. The complexity 
of the calculation increases significantly when random deviations from the 
considered distributions are specified. 

Meanwhile, from the practical point of view, there is a need to estimate the 
total amount of pollutants entering the watercourse per unit time in the section 
under study. This value is an integral characteristic determining the basic diffuse 
runoff of pollutants. Unlike the specific mass flow rate, the total mass flow rate 
is a monotonically increasing function of the coordinate, which facilitates the 
solution of the inverse problem. 

The purpose of this study was to solve the problem of determining the total 
mass flow rate of a pollutant and the Peclet number, which plays a determining role 
in the calculation. To solve the problem, we considered the stationary advection-
diffusion equation expressed via the total mass flow rate in the form of (8). The 
dependence of the total mass flow rate on the coordinate was represented as a 
polynomial (9). The global optimization method (13) allowed us to determine 
both the unknown coefficients of the polynomial and the Peclet number, which 
is extremely important from the practical point of view. For the exact solution, 
the convergence of required parameters α, ~(1), to their predetermined values 
with the increasing degree of the polynomial was established, which testifies the 
correctness of the applied method. 

The Monte Carlo method was used to analyze randomized values of pollutant 
concentrations, the concentration values being set randomly within a certain 
interval. The analysis of 1 000 simulations of random deviations allowed us to find 
out the average values of the specified parameters, which differed insignificantly 
from their exact values.

The proposed method was applied to the measurement data [22]. The 
optimization method made it possible to determine the global minimum of 
functional S (13) for the available data on the concentration distribution based on 
six measurements and further evaluate values of requied parameters. It should be 
noted that the results of solving the inverse problem depend significantly on the 
dimensionality of the data set used. This issue is still poorly studied. However, 
the latter is crucial when applying the described method to the results of field 
measurements. 

CONCLUSION
 The presented article proposes the method for calculating of the conservative 

pollutants total mass flow rate distribution on the catchment territory under 
study. The method is based on analysis of data of spatial distribution of 
conservative pollutants obtained by the field measurements results. 

We have made the calculation with the use of three test functions of the 
pollutant specific mass flow rate distribution. To solve the inverse problem, we 
presented the total mass flow rate distribution as a polynomial. The use of the 
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global non-linear optimization has enabled to calculate both total mass flow rate 
for the territories under study and unknown value of Peclet number. 

To study the impact of random diversions of the pollutants’ concentration 
upon the determined parameters’ values we have use Monte Carlo method. The 
essence of the method is in the parameters determination with a multitude of 
accidental realizations (values of concentration randomly distributed over the 
preset interval) and calculation of medium values. 

The application of the method made it possible to determine the degree of 
the polynomial above which the calculation yields unstable results. Based on 
the analysis results, it was established that the method gives stable results with 
insignificant deviation of the parameters from their exact values ​​determined by 
solving the direct problem. The application of the method to the results of field 
measurements is considered.
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